An analytical-numerical nonlinear model to investigate temperature fields and thermal stresses in a pad and a disk for a single braking with a constant deceleration has been proposed. For this purpose, the boundary-value heat conduction problem for a tribosystem strip-semi-space has been formulated, which takes into account the temperature dependence of the thermophysical properties of materials. The solution to this problem has been obtained by a partial linearization through the Kirchhoff substitution, and next with a subsequent use of the method of linearizing parameters. Knowing the distribution of temperature fields in the elements of a friction pair, the thermal stresses have been established within the theory of thermal bending of plates. In this case, the temperature dependence of the Young's modulus, Poisson's ratio, and linear thermal expansion of the pad and disk materials have been additionally taken into account. The numerical analysis has been performed for a friction pair consisting of a titanium alloy pad and a steel disk.
Introduction
One-dimensional (1D) linear analytical models of friction heating in brake systems of the pad-disk or multidisk types, are based on the following simplifying assumptions:
1. During braking, most of the heat generated at the contact surface is propagated inside the friction elements along the normal to this surface. [1] [2] [3] It allows to neglect the change in the temperature gradients in the direction of the pad sliding (circumferential) and perpendicular to the pad (radial). 2. The frictional thermal contact of the bodies is perfect, that is, temperature of both the elements (pad-disk, disk-disk) on the contact surface is equal, and the sum of the intensities of the heat fluxes directed to them, along the normal to the friction surface, is equal to the specific power of friction. 4, 5 3. During a single short braking, the influence of convective cooling of the free surfaces of the pad and the disk on the temperature of the tribosystem is negligible. 6, 7 4. The mechanical and thermophysical properties of the pad and the disk materials in the process of frictional heating during braking are constant.
A review of the formulations and methods of solving 1D linear thermal problems of friction is given in Yevtushenko and Kuciej, 8 where it was shown that one of the most frequently used geometric forms in the modeling of frictional heating in the pad-disk brake system is a strip-semi-space connection. The article concerns only the review of 1D thermal problems of friction during braking. Extensive information on the analytical and numerical methods of solving twodimensional (2D) and three-dimensional (3D) thermoelasticity contact problems, including the generation of heat due to friction in brake systems, may be found in Evtushenko et al., 9 Talati and Jalalifar, 10 Yevtushenko and Grzes, 11 Yevtushenko et al., 12 and Qiu et al. 13 The distribution of nonstationary temperature and thermal stresses in the pad and the disk on the basis of the solution of the linear boundary-value heat conduction problem and the corresponding quasi-static boundary problem of thermoelasticity for strip-semi-space tribosystem has been studied in Yevtushenko and Kuciej. 14, 15 Due to greater sliding speed and pressure on the nominal contact region between the pad and the disk, and consequently high temperature of the friction surfaces, it is important to take account of the thermal sensitivity of frictional materials in the mathematical modeling of frictional heating at braking. In such conditions, the solutions of linear problems can be a source of significant quantitative inaccuracies, which may often lead to incorrect conclusions. On the other hand, the continuous striving of engineers to the value of the safety factor equal to one, results in increasing requirements for accuracy of the temperature regime in the braking systems, which, in most cases, is not possible without creating appropriate nonlinear models. 16, 17 1D analytical models of frictional heating during single braking with taking into account the temperature dependence of the thermophysical properties of the materials have been proposed in Yevtushenko et al. [18] [19] [20] . The corresponding numerical models based on the method of lines have been presented in Yevtushenko et al.. 21, 22 In these studies the tribosystem consisting of two semi-infinite bodies (semi-spaces) has been chosen as the geometric model. Moreover, the authors limited their study to the temperature fields. In addition, in Yevtushenko et al., 23 the temperature and thermal stresses distributions have been analyzed in the thermosensitive thermal barrier coating (TBC) applied to the brake disk.
The main goal of this article is to develop an analytical nonlinear model for a strip-semi-space system that allows calculations of the temperature and thermal stresses distributions of the pad and the disk by taking into account the temperature dependence of the mechanical and thermal properties of their materials.
Statement of the heat conduction problem
Let us consider a 1D model of frictional heating of the pad-disk tribosystem in the form of the strip of thickness d (pad) and the semi-space (disk; Figure 1 ). At the initial time moment t = 0, the strip is pressed by constant pressure p 0 to the surface of the semi-space and begins to slide in the positive direction of the x-axis of the Cartesian coordinate system Oxyz. Due to friction, the heat is generated at the contact surface z = 0 and both elements of the friction pair are heated. Heating is accompanied by a linear decrease in the sliding velocity of the strip, from the maximum value at t = 0 to 0 at the moment of stop t = t s , that is, V (t) = V 0 (1 À t=t s ). Taking into account the above assumptions, and the constant value of the coefficient of friction f , the sum of the intensities of heat fluxes directed along the normal to the surface of contact inside the strip and the semi-space is equal to the specific power of friction
We assume that the initial temperature of the tribosystem is T 0 , the outer surface of the strip z = d in the heating process is adiabatic, and the thermal contact on the friction surface is perfect. Hereafter, all values and parameters relating to the strip will be denoted by subscript l = 1, and to the semi-space as l = 2.
We assume that the thermosensitive materials, of which the pad and the disk are made, belong to the class of materials with a simple nonlinearity-their coefficients of thermal conductivity K l and specific heat c l depend linearly on the temperature T l (z, t) as
and the coefficients of thermal diffusivity k l , l = 1, 2 are constant. 24 In this case, we have
where r l , l = 1, 2 is the specific material density. If the dependences of the thermophysical properties of the pad and the disk materials on temperature are nonlinear, they can be approximated by piecewise linear functions. 25 The distribution of the nonstationary temperature fields T l (z, t), l = 1, 2, in the strip and in the semi-space, will be found from the solution of the following thermal problem of friction
where the temporal profile of the specific power of friction has the form (1), and the temperature dependences of the thermophysical properties are given by formulas (2) and (3). Denoting
we write the boundary-value heat conduction problem (4)- (10) in the dimensionless form
where, taking into account the dependences (1)- (3), we have
It is known that the boundary problems with nonlinearity in a differential operator are called problems with internal nonlinearity. The problems with nonlinear boundary conditions are known as problems with external nonlinearity. 26 The boundary-value problem (12)- (18) belongs to the class of problems with both types of nonlinearities, and its solution will be obtained by the method of linearizing parameters. 27 
Linearization of the problem
Taking notation (11) into consideration, the Kirchhoff substitution can be written as
From the relation (21) it follows that
Using dependences (20) as integrands in formula (21), we find the relation between the dimensionless temperatures of friction elements and the corresponding Kirchhoff functions of the form
Taking into account relations (22) and (23), the boundary-value problem (12)-(18) takes the form
where
The boundary-value problem (24)-(30), obtained as a result of applying the Kirchhoff substitution (21), belongs to the problems with an external nonlinearity, since it contains the nonlinear boundary condition (26) . For its final linearization we assume that ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
where k l , l = 1, 2 are the unknown linearizing parameters. 25, 27 When taking into account equation (32), from formula (31) it follows that
As a result, boundary condition (26) takes the form
We note that, if the thermal properties of the materials do not depend on temperature, then k l = 0, l = 1, 2, and the relation between the temperatures and the Kirchhoff functions is linear as
Kirchhoff functions
We write the solution of the linear heat conduction problem (24) , (25), (27)- (30), and (34) by means of Duhamel formula
where the functions Y
l (z, t), l = 1, 2 are the solutions of the same problem at a constant specific power of friction q Ã (t) = 1, t.0 in the boundary condition (27) . The solution of this problem at a constant thermal properties of materials (k l = 0, l = 1, 2) was obtained in Yevtushenko et al. 14 Using the methodology from this article, we find a solution for arbitrary values of the linearizing parameters
erfc(x) = 1 À erf(x), erf(x)-error function 24 and parameter k is determined by formula (35) .
On the contact surface z = 0 from formulas (38)-(41) we obtain
Then, solution (37) for the function q Ã (t) (19) can be written as
Taking into account that
formula (46) takes the form
The method of calculating the integrals (52)-(55) was proposed in Yevtushenko et al.. 19 By means of it we find
Substituting the functions K l, n (z, t) (56), (57) and L l, n (z, t) (58), (59) into formula (51), we obtain
. Taking into account the relation (50) and formula (60), we write the functions Y (1)
At z = 0 from formulas (61)-(64) it follows that
Having the functions Y (0) l (z, t) (38)- (42) and Y (1) l (z, t) (61)-(64), and using formula (45), we determine the desired Kirchhoff functions Y l (z, t), l = 1, 2.
Temperature fields
Solving equation (32) with respect to functions Y l (0, t), we obtain
Taking into account the form of functions Y (44), (65), and (66), from formulas (45) at z = 0 and (67), we find the relation between the linearizing parameters k 1 and k 2 as
For a fixed value of dimensionless time t = t 0 , the calculation is performed according to the following scheme:
1. We set the initial value k 1 = k (0) 1 and determine the corresponding value k 2 = k 
, and (66), we find the functions Y l (0, t), l = 1, 2. 3. By formula (31), we determine the dimensionless temperatures T Ã l (0, t), l = 1, 2 on the friction surfaces of the strip and the semi-space. 4. We verify the satisfaction of the boundary condition (26) as
If condition (69) is not satisfied, then we define a new value k
(1)
1 + Dk 1 and repeat the calculation, starting from the point 2. We must take into account that k l 2 ( À 1, 0) for h l .0 and k l 2 (0, 1) for h l \0, l = 1, 2. 6. For the new values k l , l = 1, 2 found in this way, for which condition (69) is satisfied, by the formulas (38)-(42), (45), and (61)-(64) we find the Kirchhoff functions Y l (z, t), l = 1, 2. 7. According to formula (23), we determine the dimensionless temperature fields T Ã l (z, t), l = 1, 2. 8. We proceed to the next value of the dimensionless time t 1 = t 0 + Dt and repeat the calculation, starting from point 1. The process continues until parameter t reaches the value of the dimensionless time of braking t s .
Thermal stresses
The thermal stresses in the pad and the disk, initiated by the temperature fields T l (z, t), l = 1, 2, we determine using the model of the thermal bending of plates. 31 For this purpose, in each element of the friction pair we select a layer (plate) of thickness d l , l = 1, 2, where 0\d 2 d (Figure 1 ). The state of thermal stresses in each such plate is characterized by two nonzero components s l, xx (z, t) = s l, yy (z, t) [ s l (z, t), l = 1, 2 that satisfy the equilibrium equations in the stresses. In addition, they must satisfy the compatibility equations
are the temperature-dependent Young's modulus, Poisson's ratio, and the coefficient of linear thermal expansion, respectively, a 1 = 0,
The solution of the differential equation (70) must satisfy the equilibrium conditions
Taking notation (11) into account, we write equations (70) and conditions (74) in the dimensionless form
The solution of equations (75), which satisfy the equilibrium conditions (76), is of the form
If properties of the materials of the pad and the disk are constant (E
Numerical analysis
Based on the above found solutions, the numerical analysis of dimensionless temperature and thermal stresses for a friction couple consisting of a titanium alloy pad (Ti-6Al-2Sn-4Zr-2Mo) and a 304 steel disk (UNS S30400) has been performed. Both these materials belong to the class of materials with a simple nonlinearity. 34 According to formulas (20) , (71), and (72), the changes in their properties depending on temperature have the form:
Titanium alloy Ti-6Al-2Sn-4Zr-2Mo
The values of the properties of these materials at the initial temperature T 0 = 20 8 C are given in Table 1 . To calculate the distributions of temperature and thermal stresses during single braking with a constant retardation, the following input parameters have been used:
The results of calculations with (solid lines) or without (dashed lines) taking into account the thermal sensitivity of materials are presented in Figures 2-6 .
The evolutions of the dimensionless temperature T Ã l (z, t), l = 1, 2 on the contact surface z = 0 and at selected depths z within the friction elements are Table 1 . Properties of materials at initial temperature.
Properties Materials
Titanium alloy (l = 1) Steel 304 (l = 2)
presented in Figure 2 . In the pad (strip), whose free surface is adiabatic, at the end of the braking process the temperature evens out and has a significant value throughout its cross-section (Figure 2(a) ). However, in the disk (semi-space), in the whole process of braking the highest temperature occurs on the working surface, and it is lower at selected distances from it ( Figure   2(b) ). By increasing the distance from the surface of friction, the time to reach the maximum value of temperature moves in the direction of the stop time. The values of temperature obtained by taking into account the thermal sensitivity of materials are smaller than the corresponding values at the constant properties of these materials. The maximum difference between these temperatures does not exceed 10%. The evolutions of temperature at the contact surface of the pad and disk (z = 0) calculated with and without taking into account the thermosensitivity of the materials is presented in Figure 3 . For both variants of calculations, according to the boundary condition (6), the temperatures of the sliding surfaces of the pad and the disk at any moment of time are the same. Evolution of temperature on the contact surface is specific for the case of braking with a constant retardation, that is, the temperature increases rapidly with the start of braking, it reaches a maximum value in approximately half the time of braking, and then it falls down till the end of the process. At the initial moment of braking time (up to t ' 0:3 s), the temperature values calculated with and without taking into account the thermosensitivity are the same, next the difference begins to increase up to the maximum value (t ' 4 s), and then, with the temperature drop, it starts to decrease until the end of braking (t = t s = 7:69 s). The maximum temperature value T max = 152 8 C calculated by taking into account the change in temperature properties of the materials is lower than the maximum temperature T max = 170 8 C calculated with constant thermal properties, which confirms the results obtained previously in a dimensionless form (Figure 2) .
The isolines of dimensionless temperature T Ã l (z, t), l = 1, 2 in the pad and the disk are shown in Figure 4 . Due to thermal insulation of the free surface (z = 1) of the pad, the temperature change occurs throughout its cross-section. The temperature on this surface of the pad is significantly higher than the temperature of the disk at the same distance from the surface of contact. We also see that isotherms are continuous at transition through a surface of contact, which confirms the satisfaction of the boundary conditions (14) or (26) . The more heated the friction elements, the sharper the difference becomes between the temperatures calculated with (solid lines) and without (dotted lines) the account of thermal sensitivity of materials.
The evolutions of dimensionless thermal stresses s Ã l (z, t), l = 1, 2 in the pad and the disk at a few distances from the surface of friction are presented in Figure 5 . The greatest compressive stresses appear on the contact surface z = 0 in the initial braking stage, both in the pad (Figure 5(a) ) and in the disk ( Figure  5(b) ). These compressive stresses become the tensile ones at the end of the process of braking. If the value of these stresses exceeds the permissible tensile strength of the material, cracks may be generated and the friction element may be destroyed. The initiation of surface cracking at this time is accompanied by a monotonic increase in transverse tensile stresses. 38 The nature of the course of thermal stresses in the pad and the disk at the same fixed distance from the surface of contact is similar.
The isolines of dimensionless thermal stresses s Ã l , l = 1, 2 in the pad and the disk are shown in Figure 6 . From the beginning of the braking in the region 0 jzj 0:2 below the contact surface, in both the elements the compressive stresses appear. They decrease along with the deceleration time, and at the end of braking time they become the tensile stresses of significantly lower values, in comparison to the compressive stresses. The regions of the compression stresses are also generated just under the free surface of the pad (0:8 z 1) and inside the disk (0:75 jzj 1). In the pad, the compressive stresses in this region occur throughout the braking time, and they fade out just before the time of stop. However, in the disk the compressive stresses decrease, and they become the tensile stresses, as in the region below the heating surface. In the middle of both the components, from the start of the braking process the tensile stresses zones are generated, which reach significant values at the beginning of the process, and decrease over time. In both the pad and the disk, in the final stage of braking (t=t s .0:8), the area gets narrow and it moves in the jzj = 1 direction. The regions of compressive and tensile stresses are separated by zero isolines, which enable to clearly indicate the place and time of the change in the stress sign.
Finally, we note that the above described spatialtemporal distributions of the thermal stresses in the pad and the disk are typical for a single braking, and are consistent with the corresponding data presented at constant properties of materials in Yevtushenko and Kuciej.
14,15

Conclusion
The analytical 1D transient model to determine distributions of temperature and thermal stresses in the thermally sensitive pad and disk during a single braking has been proposed. For this purpose, the nonlinear boundary-value problem of heat conduction with frictional heat generation on the contact surface of the strip and the semi-space was formulated and then solved by method of linearizing parameters. It was assumed that the pad and the disk are made of materials having a simple nonlinearitytheir thermal conductivity depends on temperature, and the thermal diffusivities are constant. The numerical analysis was made for a titanium alloy pad and a steel disk. As a result, for such friction couple it was found as follows:
1. The thermal sensitivity of materials should be taken into account for calculating the temperature regimes in the pad and the disk. The temperature of both the elements, obtained with account of the temperature dependence of the properties of their materials, is less than when these properties are constant. The maximum difference between these dimensionless temperatures is about 10% and takes place in a contact region of the pad with the disk. A noticeable difference between the temperatures calculated with and without taking into account the thermal sensitivity of the titanium alloy is also observed inside the pad and on its free surface. At the same time, in the steel disk, this difference decreases with the increasing distance from the surface of friction. 2. Within each element, during braking three characteristic regions of the sign of the normal temperature stresses are formed. The first region of compressive stresses is located just under the contact surface. Below it, there is a region of tensile stresses located, and still below itanother region of compressive stresses. Unfortunately, the change in the sign of the temperature stresses occurs not only inside the pad and the disk, but also on their working surfaces shortly before the stop. Under certain conditions, the appearance of tensile stresses on the surface of the disk can lead to the initiating of radial microcracks on it. 14 The proposed model allows to perform a rapid assessment of temperature fields and thermal stress state of the friction elements of the braking systems operating under high pressures at significant initial speeds. High values of the average temperature of the working surfaces of these elements require the development of computational models that take into account the change in the thermophysical properties of the materials from which they are made. 
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